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Abstract—The attitude control of an underactuated reusable
launch vehicle (RLV) in the reentry phase involving nonmini-
mum phase problem and control input constraints is investigated
in this article. To address the nonminimum phase problem, an
approach combining output redefinition and robust backstepping
is proposed, where a synthetic output is constructed using the
combination of the original output and the internal states to
obtain stable zero dynamics, and then robust backstepping is
performed on the new output. Besides, the ideal internal dynam-
ics are obtained by using optimal bounded inversion, which are
incorporated into the controller as the reference trajectories for
the internal states to improve the output tracking accuracy. To
cope with the control input constraints, a simple and useful
anti-windup strategy is proposed by using feedback error clip-
ping, which is shown to be very effective in mitigating control
input saturation. Numerical simulations are given to validate the
effectiveness of the proposed method.

Index Terms—Anti-windup, nonminimum phase, output redef-
inition, reusable launch vehicle (RLV), robust backstepping,
underactuated.

I. INTRODUCTION

LAUNCH vehicle system is an important technology
which can send human and payload into earth orbit as

well as outer space. In the past decades, scientists are mak-
ing great efforts to cut down the cost, leading to the birth of
reusable launch vehicles (RLVs). An RLV is usually launched
into orbit by a rocket and it can reenter the atmosphere and
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return to the ground for the next use. From the space shuttle
to the X-33 spaceplane, the crew return vehicle X-38, and the
recent Falcon heavy rocket, RLVs have shown great potential
to provide an economic way to enter space in the future.

During the reentry phase, an RLV flies like a glider which
has poor maneuverability, in which its attitude is controlled
by aerodynamic surfaces and a reaction control system (RCS).
The attitude dynamics of an RLV are characterized by high
nonlinearities, strong couplings, fast time-varying, and large
uncertainties, making it a great challenge to design flight
control systems. In recent years, several nonlinear control
methods have been applied to the attitude control of RLVs.
The most notable is sliding mode control, which is robust
to model uncertainties. Various sliding mode control methods
have been applied to control RLVs, such as high-order sliding
mode [1], adaptive multivariable sliding mode [2], twisting
sliding mode [3], and super-twisting sliding mode [4], just
name a few. Another powerful nonlinear control method,
backstepping, has also shown a good capability to han-
dle the complicated RLV dynamics [5]–[7]. Besides, fuzzy
control [8] and neural network control [9], [10] are also
developed for RLVs, which can identify the system model
and does not rely on exact model knowledge. Other methods,
such as prescribed performance control [11], [12], trajec-
tory linearization control [13], coupling characterization-based
control [14], [15], and fault-tolerant control [16]–[18] are also
studied.

However, all the aforementioned methods are based on the
assumption that an RLV can generate moments about all three
body axes, neglecting the fact that an RLV may experience
limited control authority during certain reentry phase. Take
X-38 as an example, which experiences a significant portion
when the dynamic pressure is greater than 1500 Pa and the
Mach number is more than 6, during which the vehicle is
underactuated since the RCS thrusters are no longer available
and the rudders are not yet been used [19]–[21]. During this
period, an RLV has more outputs than the available inputs,
that is, the angle of attack, the sideslip angle, and the bank
angle are controlled by only two body flaps.

Future RLVs with lifting-body configurations are likely
to bring about similar underactuated issues as those posed
by X-38. As shown in [21] and [22], an underactuated
RLV exhibits nonminimum phase behavior, which means the
system has unstable zero dynamics. When applying traditional
nonlinear control methods to the system without stabilizing
the internal dynamics, the closed-loop system will exhibit
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unsatisfactory oscillations or even lose stability. Obviously,
this is unacceptable since it may cause severe flight accidents.
Therefore, to guarantee flight safety, it is necessary to take
measures to deal with the nonminimum phase problem. Due
to the nonminimum phase property, it becomes extremely diffi-
cult to achieve high-precision trajectory tracking control while
maintaining internal stability, which brings a great challenge
to the control of underactuated RLVs. To date, only several
results are given in the literature for this problem, including
an output redefinition controller [21], a dynamic sliding mode
controller [22], and an output feedback controller [23]. The
methods in [21]–[23] have ensured the stability of an RLV
in the underactuated case. However, it is noticed that none of
them have incorporated the ideal internal dynamics (IIDs) into
the controller ([21] only applies IID for constant commands).
Since IID is the key to achieving accurate tracking for non-
minimum phase systems [24], the methods in [21]–[23] may
have degraded performance when applied to track practical
guidance commands, which are time-varying signals.

Inspired by [21]–[24], the motivation of this article is to
propose an improved controller for an underactuated RLV
that can achieve accurate output tracking for time-varying sig-
nals. To achieve this goal, a method called optimal bounded
inversion, which was proposed in our previous work [25],
is used to obtain the IID and the controller is developed
by combing output redefinition and robust backstepping. The
advantages of the proposed method over existing ones are
twofold. First, backstepping simplifies the controller design
compared with [21]–[23] because there is no need to calcu-
late the second-order derivative of the outputs and it can deal
with both matched and mismatched disturbances. Second, the
IID is incorporated into the controller of an underactuated RLV
for the first time, which greatly improves the output tracking
accuracy for time-varying signals.

Another realistic consideration is the control input con-
straint. The deflection of the aerodynamic surface has physical
limits, which puts input constraints on the flight control
system. An underactuated RLV is more sensitive to input con-
straints due to reduced control authority, which must be taken
into account during controller design. A simple way to deal
with control input constraints is to limit the magnitude of
the calculated control input within its physical boundaries.
However, this input clipping method may cause control input
saturation. When this occurs, the system may lose control
and induce instability. To solve this problem, various methods
have been proposed, such as constrained adaptive backstep-
ping [6], [26] and an auxiliary system method [7]. A common
feature in these methods is that they introduce an additional
system to adjust the control input when saturation occurs. The
additional system makes the control law more complicated,
which may limit their application in practice. In this article,
a simple and effective anti-windup strategy is developed to
handle control input constraints by using feedback error clip-
ping. Unlike input clipping, the approach here puts limits on
the magnitude of the feedback error rather than the control
input. By limiting the feedback error in a relatively small
bound, a smaller input is generated, and input saturation can
thus be avoided.

Fig. 1. Back view of X-38.

The main contributions of this article are twofold. First,
accurate output tracking is achieved for an underactuated
RLV by combining output redefinition and optimal bounded
inversion, where output redefinition is employed to obtain sta-
ble zero dynamics and optimal bounded inversion gives the
IID which are used as reference trajectories for the internal
states. Compared with the existing methods in [21]–[23],
the proposed method can greatly improve the output track-
ing accuracy for time-varying signals due to the application
of IID. Second, a simple and useful anti-windup strategy is
proposed by using feedback error clipping. Unlike other anti-
windup strategies in [6], [7], and [26] which react when input
saturation occurs, the proposed method can prevent input sat-
uration in advance and does not require an auxiliary system.
As verified by the simulation results, input saturation can be
effectively avoided even when the output is required to track
a drastic step command.

The remainder of this article is organized as follows.
Section II introduces the underactuated RLV model. In
Section III, the zero dynamics are analyzed, and output redef-
inition is conducted. In Section IV, optimal bounded inversion
is proposed to obtain the IID. In Section V, an anti-windup
robust backstepping controller is designed. Numerical simula-
tion results are given in Section VI and conclusions are given
in Section VII.

II. UNDERACTUATED RLV MODEL

In this section, the attitude dynamics of an underactuated
RLV are given based on the X-38 model. As shown in Fig. 1,
X-38 contains four aerodynamic control surfaces, including
two rudders and two body flaps. Besides, it is also equipped
with several RCS thrusters. In the middle phase of reentry,
when the dynamic pressure is greater than 1500 Pa and the
Mach number is more than 6, the RCS thrusters are no longer
available because they lose efficiency in high dynamic pres-
sure. Also, the rudders cannot be used due to the high speed,
which may cause excessive thermal loads on the rudders. As
a result, the available actuators are only two body flaps in
this phase.

The traditional control surface deflections δe and δa (i.e.,
elevator and aileron) are defined by a combination of the
two body flaps. The average total deflection of the two body
flaps plays the role of the overall elevator, and the differential
deflection of the two body flaps acts as an aileron, so that

δe � (δeL + δeR)/2

δa � δeL − δeR (1)
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where δeL and δeR are the left and right deflections, respec-
tively. The attitude of the RLV can be described by three
attitude angles, α, β, and μ, which are the angles of attack,
sideslip, and bank, respectively, and three angular rates, p, q,
and r, which are the angular rates of roll, pitch, and yaw,
respectively. Following [21] and [22], and assuming the flight
path angle to be zero according to the quasi-equilibrium glide
condition [27], the attitude dynamics of an underactuated RLV
are written as follows:

α̇ = −p cos α tan β + q − r sin α tan β + m0g0 cos μ − L

m0V0 cos β

β̇ = p sin α − r cos α + m0g0 sin μ − Y

m0V0

μ̇ = p cos α + r sin α

cos β
+ L − m0g0 cos μ

m0V0
tan β

ṗ = Ixz
(
Ix − Iy + Iz

)
pq + (

IyIz − I2
z − I2

xz

)
qr

IxIz − I2
xz

+ L′
ββ + L′

δa
δa

q̇ = (Iz − Ix)pr + Ixz
(
r2 − p2

)

Iy
+ M′

α�α + M′
δe

�δe

ṙ = Ixz
(−Ix + Iy − Iz

)
qr + (

I2
x − IxIy + I2

xz

)
pq

IxIz − I2
xz

+ N′
ββ

+ N′
δa

δa (2)

where Ix, Iy, and Iz are the moments of inertia about the three
body axes while Ixz is the cross product of inertia. m0, V0, and
g0 are vehicle mass, flight velocity, and gravitational acceler-
ation, respectively. L = Lα�α + m0g0 and Y = Yββ represent
the lift and the side force, respectively. Lα , Yβ , L′

β , L′
δa

, N′
β ,

N′
δa

, M′
α , and M′

δe
are aerodynamic parameters. �α = α − αT

and �δe = δe − δeT are the deviations of α and δe from their
trim values, where αT is the trim value for angle of attack and
δeT is the trim value for elevator deflection.

In this model, only two control inputs are available, namely,
the elevator deflection δe and the aileron deflection δa.
However, the system has 3 degrees of freedom, that is, the
roll, pitch, and yaw. It can be observed from (2) that the pitch
rate q is controlled by the elevator deflection δe, while the
roll rate p and yaw rate r are both controlled by the aileron
deflection δa. Therefore, the system is underactuated. Besides,
the deflection of the aerodynamic control surfaces has a phys-
ical boundary limit in practice, which puts constraints for both
control inputs.

The main goal of attitude control during reentry is to follow
the guidance commands, including the angle of attack com-
mand αd and the bank angle command μd so that the RLV
can be guided from the initial entry point into a neighborhood
of the landing site. Hence, we call the angle of attack α and
the bank angle μ as the original outputs.

III. ZERO DYNAMICS ANALYSIS AND OUTPUT

REDEFINITION

In this section, the zero dynamics of the underactuated RLV
model are analyzed. First, it is shown that the zero dynam-
ics are unstable when the angle of attack and bank angle are
selected as outputs. Then, a synthetic output is constructed to
obtain stable zero dynamics.

Recall the underactuated RLV model (2), it is a sixth-
order system. The original outputs [α,μ] have the relative
degree {2, 2}, indicating the existence of second-order internal
dynamics which are not included in the input–output dynam-
ics. To describe the internal dynamics, two variables are
selected as the internal states. One is the sideslip angle β,
and the other is a synthetic variable defined by η = r − cp,
where c = N′

δa
/L′

δa
is a constant. Then the internal dynamics

are described by

β̇ = p sin α − (η + cp) cos α + m0g0 sin μ − Y

m0V0

η̇ =
(

N′
β − cL′

β

)
β + aq(η + cp) + bpq (3)

where a and b are constants defined as follows:

a =
[
Ixz
(−Ix + Iy − Iz

)− c
(

IyIz − I2
z − I2

xz

)]
/
(

IxIz − I2
xz

)

b =
[
I2
x − IxIy + I2

xz − cIxz
(
Ix − Iy + Iz

)]
/
(

IxIz − I2
xz

)
. (4)

Remark 1: For a control system, the outputs and their deriva-
tives up to the (ri − 1)th order (ri is the relative degree of the
output yi) are external states [28]; all state variables which
cannot be fully expressed as a function of the external states
are candidates for internal states. By choosing proper state
variables as internal states, the input can be removed from the
internal dynamics, which facilitates the stability analysis of the
zero dynamics (the internal dynamics turn into zero dynamics
when the outputs are identically zero). To this end, we have
selected β and η = r − cp as the internal states since both
are independent of the outputs α,μ and neither contains any
input in their derivatives (ṙ and ṗ both contain the input δa,
and η̇ = ṙ − cṗ cancels the input).

A. Zero Dynamics of the Original Outputs

Definition 1 (Nonminimum Phase Systems [28]):
Nonminimum phase systems refer to systems with unstable
zero dynamics, where zero dynamics are the internal dynamics
when the outputs are identically zero.

Remark 2: Zero dynamics describe the behavior of a system
when the output is forced to be zero, which reflects the inher-
ent stability of the internal states. For minimum phase systems,
there are no internal states or the internal states can maintain
stable by itself. While for nonminimum phase systems, the
internal states cannot maintain stable by itself. Most nonlinear
control methods are based on minimum-phase systems without
considering the stabilization of the internal dynamics, which
will lead to instability when applied to nonminimum phase
systems. There are several methods available to stabilize the
internal dynamics, typically, including approximate feedback
linearization [29], dynamic sliding mode control [22], and
output redefinition [30]. Among them, approximate feedback
linearization only applies to some particular nonminimum
phase systems which are caused by weak couplings. For
dynamic sliding mode control, the idea is actually very similar
to output redefinition, where the sliding surface can be viewed
as a redefined output. Since the zero dynamics of a system are
directly determined by the selected output, modifying output
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Fig. 2. Phase portrait of the original zero dynamics.

also means reassigning the zero dynamics. Output redefini-
tion refers to redefine a new control output, typically by using
a combination of the external and internal states, such that
the corresponding zero dynamics are stable. Then a nonlinear
controller can be designed for the new output without wor-
rying about internal stability. The main advantage of output
redefinition is that it provides a general solution to stabilize
nonminimum phase systems and can be easily combined with
other nonlinear control methods.

Recall the underactuated RLV model (2), for the original
outputs [α,μ], considering that the trim value for α is αT , take
�α = α − αT and μ as the regulated outputs. Then the zero
dynamics corresponding to [�α,μ] are the internal dynamics
constrained in the subspace S1 = {α ≡ αT , μ ≡ 0}. Since S1
indicates α̇ = 0, μ̇ = 0, it gives that

− p cos αT tan β + q − r sin αT tan β = 0

p cos αT + r sin αT = 0. (5)

By solving (5), one obtains

p = −η sin αT/(cos αT + c sin αT)

q = 0. (6)

Substituting (6) into the internal dynamics (3), the correspond-
ing zero dynamics are obtained as

β̇ = −η

cos αT + c sin αT
− Yββ

m0V0

η̇ =
(

N′
β − cL′

β

)
β. (7)

To analyze the stability of the zero dynamics, the phase
portrait method is applied here, which can directly show the
motion of the nonlinear zero dynamics in an intuitive way. The
phase portrait of the zero dynamics (7) is shown in Fig. 2. It
can be observed that the origin is a typical hyperbolic equi-
librium, where all states starting from the neighborhood do
not converge to the origin, but go away from it, indicating
that the zero dynamics are unstable. Therefore, according to
Definition 1, the underactuated RLV system (2) is a nonmini-
mum phase system with the original outputs. This prevents the
direct application of typical nonlinear control methods, such
as sliding mode control and dynamic inversion to the original
outputs since the internal dynamics cannot maintain stable.

B. Modified Zero Dynamics Through Output Redefinition

Since the zero dynamics corresponding to the original out-
put are unstable, it is necessary to redefine a new output to
obtain stable zero dynamics. For the underactuated RLV, there
are two original outputs, i.e., the angle of attack α and the
bank angle μ. So there are three choices for output redef-
inition: 1) replace both outputs with new outputs; 2) only
replace α with a new output; and 3) only replace μ with a new
output. As shown in [30], the output which is modified has
degraded performance when model uncertainties are consid-
ered. Therefore, it is preferred to modify only one output. So
Choice 1 is not considered. For the rest two choices, we con-
sider the case that the new output is a linear combination of the
original output and the internal states (using a nonlinear com-
bination is much more complicated in analysis and is not clear
whether it can improve the performance). Therefore, the new
outputs can be written as [α+b1β+b2η,μ] for Choice 2. After
trying abundant values for the coefficients b1, b2, it is found
that the corresponding zero dynamics cannot be made stable.
So Choice 2 is infeasible. For Choice 3, the new outputs are
[α,μ+λ1β+λ2η], and we find the corresponding zero dynam-
ics can be made stable with proper coefficients λ1 and λ2.
Therefore, the new outputs are selected as [α,μ+λ1β +λ2η]
in this article.

Denote υ = μ+λ1β +λ2η, by differentiating it one obtains

υ̇ = p cos α + (η + cp) sin α

cos β
+ L − m0g0 cos μ

m0V0
tan β

+ λ1

[
p sin α − (η + cp) cos α + m0g0 sin μ − Y

m0V0

]

+ λ2

[(
N′

β − cL′
β

)
β + aq(η + cp) + bpq

]
. (8)

Therefore, for �α and the new output υ, the corresponding
zero dynamics are the internal dynamics constrained in the
subspace S2 = {α ≡ αT , υ ≡ 0}. From υ = 0 it can be
obtained that μ = −λ1β −λ2η. And α̇ = 0, υ̇ = 0 lead to the
following equation set:

m0g0 cos μ − L

m0V0 cos β
− p cos αT tan β + q

− (η + cp) sin αT tan β = 0
p cos αT + (η + cp) sin αT

cos β
+ L − m0g0 cos μ

m0V0
tan β

+ λ1

[
p sin αT − (η + cp) cos αT + m0g0 sin μ − Y

m0V0

]

+ λ2

[(
N′

β − cL′
β

)
β + aq(η + cp) + bpq

]
= 0 (9)

where p and q are to be solved which depend on β and η as
well as the parameters λ1 and λ2. For brevity, the following
is used to represent the solution:

p = p1(β, η, λ1, λ2), q = q1(β, η, λ1, λ2). (10)

Substituting μ = −λ1β − λ2η and (10) into the internal
dynamics (3) results in the following modified zero dynamics:

β̇ = −[η + cp1(β, η, λ1, λ2)
]

+ m0g0 sin(−λ1β − λ2η) − Yββ

m0V0
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Fig. 3. Phase portrait of the modified zero dynamics.

η̇ =
(

N′
β − cL′

β

)
β + aq1(β, η, λ1, λ2)

[
η + cp1(β, η, λ1, λ2)

]

+ bp1(β, η, λ1, λ2)q1(β, η, λ1, λ2). (11)

It can be observed from (11) that the modified zero dynam-
ics depend on the coefficients λ1 and λ2 which are the param-
eters to be designed in the new output. As indicated by [30],
the control performance of the modified output depends on
the modified zero dynamics. Therefore, the two coefficients
need to be carefully selected such that: 1) the modified zero
dynamics are (locally) stable and 2) the modified zero dynam-
ics exhibit good convergent performance. To figure out the best
values for λ1 and λ2, we treat it as a parameter optimization
problem by defining the following integral square error (ISE)
as the performance index:

J1 =
∫ ∞

0

[
β2(t) + η2(t)

]
dt. (12)

Then the problem becomes to determine the coefficients λ1
and λ2 such that the performance index (12) is minimized
subject to the zero dynamics constraint (11). To solve this
optimization problem, the MATLAB function “fmincon” is
applied [β(0) = 1, η(0) = 0 and an integral time of 100 s are
applied in the programming] and the obtained optimal values
are λ1 = −3.23 and λ2 = 0.59.

By using the obtained coefficients, the phase portrait of the
modified zero dynamics (11) is shown in Fig. 3. It can be
seen that the origin now becomes a stable equilibrium since
all states from the neighborhood are attracted to the origin.
Therefore, the modified zero dynamics are successfully sta-
bilized with the redefined output. Hence, the controller can
be designed based on the redefined output [α, υ] so that the
internal dynamics can maintain stable.

IV. IID CALCULATION BY OPTIMAL BOUNDED

INVERSION

In the previous section, a new control output υ is con-
structed which leads to stable zero dynamics. It should be
noted that output redefinition is only a tool to stabilize the
internal dynamics, while the real control objective is still to
track the guidance commands αd and μd. To achieve this goal,
a desired trajectory needs to be specified for the new output
υ to track such that the original outputs α and μ can track
the guidance commands αd and μd asymptotically. The key

Fig. 4. IID calculation by optimal bounded inversion.

to solving this problem relies on finding a bounded solution
for the internal states corresponding to the output references,
which are called as IID [24].

For the given guidance commands αd and μd, the IID is
a bounded solution for the internal dynamics (3) constrained
in the subspace S3 = {α ≡ αd, μ ≡ μd}. Taking S3 into α̇, μ̇

gives that

α̇d = −p cos αd tan β + q − r sin αd tan β + m0g0 cos μd − L

m0V0 cos β

μ̇d = p cos αd + r sin αd

cos β
+ L − m0g0 cos μd

m0V0
tan β. (13)

By solving (13), it follows that:

p = sin β(m0g0 cos μd − L)

m0V0(cos αd + c sin αd)
+ μ̇d cos β − η sin αd

cos αd + c sin αd

q = α̇d + μ̇d sin β + cos β(L − m0g0 cos μd)

m0V0
. (14)

For brevity, denote (14) as follows:

p = pd(β, η), q = qd(β, η). (15)

Substituting (15) into the internal dynamics (3), the corre-
sponding internal dynamics driven by αd and μd are

β̇ = pd(β, η)(sin αd − c cos αd) − η cos αd

+ (
m0g0 sin μd − Yββ

)
/(m0V0)

η̇ =
(

N′
β − cL′

β

)
β + aqd(β, η)

[
η + cpd(β, η)

]

+ bpd(β, η)qd(β, η). (16)

Therefore, the IID should be a bounded solution for the
internal dynamics (16). Due to the nonminimum phase prop-
erty, direct integration of (16) will lead to an unbounded
solution and thus cannot be used to get the IID. Here, a method
called optimal bounded inversion [25] is used to get the
IID, whose main idea is to transfer the IID calculation into
a trajectory optimization problem as shown in Fig. 4.

For the underactuated RLV studied in this article, the
optimal bounded inversion problem is defined as follows.

Optimal Bounded Inversion Problem: Giving the guidance
commands αd(t) and μd(t) in the time interval t ∈ [0, tf ],
determine the trajectory β(t) and η(t) that minimizes the cost
function

J =
∫ tf

0

(
β2 + η2

)
dτ (17)
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subject to the dynamic constraints (16) and the state constraints

βm ≤ β ≤ βM, ηm ≤ η ≤ ηM (18)

where [βm, βM] and [ηm, ηM] are the desired boundaries for
β and η, respectively.

By setting the above trajectory optimization problem, the
boundedness of the IID can be guaranteed by the state con-
straints (18). Besides, the cost function (17) aims to minimize
the overall quadratic cost of the internal states, thus can
keep the internal states as small as possible. The optimal
bounded inversion problem defined above can be easily solved
by using the powerful optimization software GPOPS-II [31],
which guarantees high efficiency as well as high accuracy for
the IID calculation.

Remark 3: It is not our goal to propose any new methods
in solving the above trajectory optimization problem, while
the idea itself is new to treat IID calculation as a trajectory
optimization problem. So far there are three existing methods
for IID calculation, including output regulation [32], [33], sta-
ble system center [34], [35], and stable inversion [36], [37].
The proposed optimal bounded inversion method has some
advantages over the existing ones. First, compared with out-
put regulation and stable system center, the proposed method
does not rely on the assumption of an exosystem to gener-
ate the output reference and thus can be applied to arbitrary
output reference. Second, compared with stable inversion, the
proposed method is much easier to understand and to imple-
ment. Stable inversion involves a Picard-like iteration process
that puts barriers for its implementation, while in the proposed
method, the only thing we need to do is to get the internal
dynamics and construct the trajectory optimization problem,
which can then be solved by the existing software.

Denoting the resulted IID as βd and ηd, they can be used
as the reference trajectories for the internal states. That is, for
the new output υ = μ+λ1β +λ2η, the desired trajectory can
be designed as υd = μd + λ1βd + λ2ηd so that the original
output μ can track μd when υ tracks υd according to [24].

V. CONTROLLER DESIGN

The overall control architecture is shown in Fig. 5. As out-
put redefinition has been accomplished in Section III and the
desired trajectory υd has been specified in Section IV, this
section focuses on designing a robust backstepping controller
such that α, υ track the references αd and υd. The input con-
straints are considered here, and an anti-windup strategy is
proposed.

A. Control-Oriented Model

To apply backstepping control, it is necessary to write the
model in a strict-feedback form. For convenience, denote y =
[α, υ]T , ω = [p, q]T , and u = [δe, δa]T , then the underactuated
RLV model can be transformed into the following control-
oriented model:

ẏ = F1 + G1ω + d1

ω̇ = F2 + G2u + d2 (19)

Fig. 5. Overall control architecture.

Fig. 6. Control structure with input clipping.

where d1 and d2 are lumped disturbances caused by model
uncertainties, and F1, F2, G1, and G2 are defined as follows:

F1 =
[

−η sin α tan β + m0g0 cos μ−L
m0V0 cos β

f12

]

f12 = (L − m0g0 cos μ) tan β + λ1(m0g0 sin μ − Y)

m0V0
+ η sin α/ cos β − λ1η cos α + λ2η̇ (20)

G1 =
[− cos α tan β − c sin α tan β1

cos α+c sin α
cos β

+ λ1(sin α − c cos α)0

]
(21)

F2 =
⎡

⎣
Ixz(Ix−Iy+Iz)pq+(IyIz−I2

z −I2
xz
)
qr

IxIz−I2
xz

+ L′
ββ

(Iz−Ix)pr+Ixz
(
r2−p2

)

Iy
+ M′

α�α − M′
δe

δeT

⎤

⎦ (22)

G2 =
[

0 L′
δa

M′
δe

0

]
. (23)

It should be noted that the control-oriented model (19) has
a similar form but with reduced order compared to the orig-
inal model (2). The internal dynamics are not listed in (19)
since they can maintain stable by itself, and we only need
to consider tracking control for the new output in the next.
Thanks to output redefinition, the original control problem of
an underactuated system is transferred into an equivalent con-
trol problem of a fully actuated system (19), where various
nonlinear control methods can be readily applied.

B. Anti-Windup Robust Backstepping Controller Design

Fig. 6 shows the control structure with input clipping. The
key point of input clipping is to limit the magnitude of the cal-
culated input compulsively by placing a magnitude clipper just
after the controller, so that the input command sent to the actu-
ator keeps within the input constraints. However, when using
this control structure, it may cause input saturation, which can
lead to instability.

As an improvement, the magnitude clipper can be moved to
the position just before the controller, which results in a new
control structure with feedback error clipping as shown in
Fig. 7. Considering that input saturation is usually caused by
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Fig. 7. Control structure with feedback error clipping.

a large instantaneous tracking error which generates a large
input for correction, by using the clipped feedback error in
the controller, a relatively small input is generated so that the
input saturation problem can be avoided.

In Fig. 7, ē = [ē1, ē2]T is the clipped feedback error, and
the magnitude clipper is designed as follows:

ēi =
⎧
⎨

⎩

εi, if ei > εi

ei, if |ei| ≤ εi

−εi, if ei < −εi

(24)

where εi (i = 1, 2) is a positive constant that limits the upper
bound of the feedback error. The function of feedback error
clipping can also be interpreted in another way, that is, it is
equivalent to modifying the output command as follows:

ȳid =
⎧
⎨

⎩

yi − εi, if ei > εi

yid, if |ei| ≤ εi

yi + εi, if ei < −εi

(25)

where yi(i = 1, 2) represents α, υ, respectively, yid(i = 1, 2)

represents αd and υd, respectively, and ȳid(i = 1, 2) is the
clipped output command. It is easy to verify that the clipped
feedback error can be viewed as the error between the output
and the clipped command, that is, ēi = yi − ȳid. Therefore,
an intuitional interpretation of (25) is: feedback error clipping
modifies the output command to make it closer to the current
output value. This explains why feedback error clipping can
avoid input saturation.

Remark 4: The threshold εi is important in preventing input
saturation. Since it is hard to determine its best value math-
ematically, tuning it through simulation is a good option. If
εi is large, say, exceeds the possible bound of the maximum
error, then it is equal to turn off the feedback error clipper and
input saturation may occur. So generally speaking, εi should
be small to prevent input saturation. However, the tracking
error will converge slowly if εi is too small. So the suggested
principle of tuning εi is to consider the maximum initial track-
ing error case, and start with a small εi, then increase it bit
by bit until the input is close to saturation.

For the RLV system (19), the original command for y is
yd = [αd, υd]T . Define the clipped feedback error ē = y − ȳd,
where ȳd = [ȳ1d, ȳ2d]T is the clipped output command defined
by (25). Then ˙̄e = ẏ − ˙̄yd = ẏ − ẏd + (ẏd − ˙̄yd) can be written
as follows:

˙̄e = F1 − ẏd + G1ω + d1 (26)

where ẏd − ˙̄yd is incorporated into the lumped disturbance d1.
Assume that ‖d1‖ ≤ D1 where D1 is a constant. Consider
the angular rate ω as a virtual control and the desired angular
rate is designed as follows (it is assumed that ē/‖ē‖ = 0

for ē = 0):

ωd = G−1
1

(

−F1 + ẏd − k1ē − D̂1ē
‖ē‖

)

(27)

where k1 > 0. The last item on the right side is a robust item
with D̂1 be the estimation of the disturbance upper bound.

Remark 5: For the given parameters c = −0.0494 (model
parameter), λ1 = −3.23 (controller parameter), and the admis-
sible flight range α ∈ [10, 50] deg, β ≈ 0, it can be verified
that 0.135 ≤ det(G1) ≤ 3.384, which indicates that G1 is
invertible.

Define ω̃ = ω−ωd as the tracking error of the angular rate.
Substituting (27) into (26) results in

˙̄e = G1ω̃ − k1ē − D̂1ē
‖ē‖ + d1. (28)

Now consider the angular rate error dynamics

˙̃ω = F2 + G2u + d2 (29)

where −ω̇d is incorporated into the lumped disturbance d2.
Assuming ‖d2‖ ≤ D2 where D2 is a constant, the con-

trol input is then designed as follows (it is assumed that
ω̃/‖ω̃‖ = 0 for ω̃ = 0):

u = G−1
2

(

−F2 − k2ω̃ − GT
1 ē − D̂2ω̃

‖ω̃‖

)

(30)

where k2 > 0 and D̂2 is the estimation of the upper bound for
the disturbance.

Substituting (30) into (29) yields

˙̃ω = −k2ω̃ − GT
1 ē − D̂2ω̃

‖ω̃‖ + d2. (31)

The adaptive law is designed as follows:

˙̂D1 =
{

c1‖ē‖, if ‖(ē, ω̃)‖ > δ

0, if ‖(ē, ω̃)‖ ≤ δ

˙̂D2 =
{

c2‖ω̃‖, if ‖(ē, ω̃)‖ > δ

0, if ‖(ē, ω̃)‖ ≤ δ
(32)

where c1, c2 > 0, and δ > 0 is a threshold to prevent that D̂1
and D̂2 from increasing endlessly.

Theorem 1: Consider the control-oriented model (19), when
the controller (30) along with the adaptive law (32) is applied,
the output tracking error e = y − yd will converge to a small
region around zero.

Proof: Select the candidate Lyapunov function as V =
(1/2)ēT ē + (1/2)ω̃T ω̃ + (1/2c1)D̃2

1 + (1/2c2)D̃2
2. When

‖(ē, ω̃)‖ > δ, the derivative of V is given by

V̇ = ēT

(

G1ω̃ − k1ē − D̂1ē
‖ē‖ + d1

)

− D̃1‖ē‖ − D̃2‖ω̃‖

+ ω̃T

(

−k2ω̃−GT
1 ē − D̂2ω̃

‖ω̃‖ + d2

)

≤ −k1‖ē‖2 − D̂1‖ē‖ + ‖ē‖‖d1‖ − k2‖ω̃‖2 − D̂2‖ω̃‖
+ ‖ω̃‖‖d2‖ − D̃1‖ē‖ − D̃2‖ω̃‖

= −k1‖ē‖2 − k2‖ω̃‖2 + ‖ē‖(‖d1‖ − D1)
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+ ‖ω̃‖(‖d2‖ − D2)

≤ −k1‖ē‖2 − k2‖ω̃‖2 ≤ 0. (33)

Therefore, the closed-loop system is stable and the system
signal will converge to the attraction basin ‖(ē, ω̃)‖ ≤ δ. By
choosing proper parameters, the clipped feedback error ē will
converge to a small region around zero. The convergence of
the actual tracking error e = y − yd = [e1, e2]T is composed
of two phases as follows.

Phase 1: When ei > εi (or ei < −εi), the modified output
reference is ȳid = yi − εi (or ȳid = yi + εi), then yi tends
to converge to ȳid but will never reach since the command
ȳid = yi −εi keeps declining (or rising). As a result, the output
will keep decreasing (or increasing) until ei = εi (or ei = −εi).
After that, Phase 1 ends and the system goes to Phase 2.

Phase 2: When |ei| ≤ εi, then ei = ēi, and ei will converge
to a small region around zero. This completes the proof.

VI. NUMERICAL SIMULATIONS

In the simulation, the control input constraints are assumed
to be δe ∈ [0, 50] deg and δa ∈ [−25, 25] deg according
to [20]. The aerodynamic parameters are L′

β = −25.1, L′
δa

=
−10.6, N′

β = −1.53, N′
δa

= 0.53, Lα = 1200, Yβ = 2.5, M′
α =

10, and M′
δe

= 15. The moments of inertia are Ix = 203.4, Iy =
1356, Iz = 1627, Ixz = 27.1 slug·ft2. Other model parameters
are m0 = 68.5 slug, V0 = 17192 ft/s, g0 = 32.2 ft/s2, αT =
0.66 rad, δeT = 0.17 rad. The controller parameters are λ1 =
−3.23, λ2 = 0.59, k1 = 10, k2 = 5, c1 = 10, c2 = 10, δ =
0.02, ε1 = 0.0087rad(0.5 deg), and ε2 = 0.0175rad(1 deg).

The simulations are performed in MATLAB R2017a. First,
step command tracking is investigated to verify the anti-
windup capability of the proposed controller. Then, a trajectory
tracking task is performed to further verify the effectiveness
of the proposed controller in handling the nonminimum phase
problem, control input constraints, and model uncertainties.
The initial conditions are set to β(0) = 0, p(0) = 0, q(0) = 0,
and r(0) = 0 for all simulations while the outputs α(0), μ(0)

depend on different cases which are shown later.

A. Step Command Tracking

Step command tracking is used to test the capability of the
controller in tackling control input constraints since the system
is most likely to encounter input saturation with a large initial
error. For comparison, simulations are first done by using input
clipping. Fig. 8 shows the simulation results when the bank
angle is required to move from 20 deg to 0 deg. In this case,
instability is observed for the two outputs which do not con-
verge but go to large values, and input chattering is observed
for both control inputs. This illustrates that the input clipping
method has failed to handle input constraints.

With the proposed anti-windup strategy by using feedback
error clipping, the problem above can be avoided. Fig. 9 shows
the results of 100 Monte Carlo runs by using feedback error
clipping, where the initial values of the angle of attack and
bank angle are uniformly distributed in the range α(0) ∈
[10, 40] deg, μ(0) ∈ [−30, 30] deg and are required to track
the step commands αd = 25 deg, μd = 0. It can be observed

Fig. 8. Step command tracking for the angle of attack with input clipping.

Fig. 9. Monte Carlo simulation results for step command tracking with
feedback error clipping.

that both outputs converge to the desired values quickly and
the two inputs keep within the constraint range δe ∈ [0, 50]
deg, δa ∈ [−25, 25] deg, which demonstrates the excellent
performance of the proposed anti-windup strategy.

Fig. 10 shows the step command tracking details of the rede-
fined control output y = [α, υ]T when using feedback error
clipping method. It can be observed that the clipped com-
mand remains close to the output value, which is the key to
preventing the input from saturation. Both outputs follow the
two-phase convergence rule described in the end of Section V,
that is, the output first goes toward the predefined clipped error
threshold (0.5 deg for α and 1 deg for υ), and once get into,
it will not go out but converge to the desired command.

Fig. 11 shows a comparison of the simulation results
between constrained adaptive backstepping [6], [26] and the
proposed anti-windup method. It can be observed from the
top part that the outputs in constrained adaptive backstepping
converge faster than that of the proposed method. However, it
is at the cost of input chattering as shown in the bottom part,
where the inputs in constrained adaptive backstepping change
drastically between the maximum and minimum values in the
beginning (this is also observed in [26]). On the contrary, the
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Fig. 10. Step command tracking details with feedback error clipping.

Fig. 11. Comparison between constrained adaptive backstepping and the
proposed anti-windup method.

inputs obtained by the proposed method change much more
smoothly and never reach the constrained boundaries. This ver-
ifies the advantage of the proposed anti-windup method, that
is, it can avoid input saturation and obtain smooth input, while
other methods [6], [7], [26] take action when input saturation
occurs and often induce input chattering.

B. Trajectory Tracking

In practice, the guidance commands are time-varying sig-
nals. To verify the trajectory tracking performance of the
proposed controller in the existence of the nonminimum phase
problem as well as control input constraints and model uncer-
tainties, a trajectory tracking task is simulated. The reference
commands for the angle of attack and bank angle are taken
from [21]. The corresponding IID are obtained by the optimal
bounded inversion method and are incorporated into the con-
troller. The simulation results for the nominal model are shown
in Figs. 12–15 and Monte Carlo simulation results with model
dispersion are given in Fig. 16.

Fig. 12 shows the actual and commanded angle of attack
and bank angle and their tracking errors. It can be seen that the
actual and commanded trajectories nearly coincide with each
other for both angles and the tracking errors are very small.
Therefore, the accurate tracking objective is well achieved.

Fig. 12. Curves of the angle of attack and bank angle.

Fig. 13. Curves of the internal states.

Fig. 14. Curves of the control inputs.

Fig. 13 shows the curves of the internal states. It can be
observed that both internal states converge to the IID and are
bounded in a feasible range. This verifies the effectiveness
of the proposed method in guaranteeing the stability of the
internal states.

Fig. 14 shows the curves of the control inputs, where no
saturation is observed for both control inputs.

Fig. 15 presents a comparison of the tracking errors when
IID are applied (βd and ηd obtained by optimal bounded
inversion) and not applied (βd and ηd set to zero). It can be
observed that the results for the angle of attack are nearly the
same in both cases. However, for the bank angle, the tracking
performance has a significant improvement when the IID are
applied. This is easy to understand since the bank angle is
replaced by a redefined output during controller design. The
tracking controller directly forces that α → αd, υ → υd,
where μ → μd is achieved by specifying υd with the obtained
IID. Therefore, it verifies that the application of IID is very
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Fig. 15. Tracking errors when IID are applied/not applied.

Fig. 16. Monte Carlo simulation results with model uncertainties.

important to achieve accurate output tracking for nonminimum
phase systems.

Fig. 16 shows the results of 1000 Monte Carlo runs con-
sidering model uncertainties, where the inertia parameters in
the model are assumed to have a random deviation within
±30% from their nominal values. From Fig. 16 it can be
observed that both output tracking errors remain in a small
region around zero, indicating that the proposed controller has
good robustness against model uncertainties.

VII. CONCLUSION

RLVs may experience underactuation during the middle
phase of reentry, which can lead to failure of the traditional
methods that are designed for a fully actuated RLV. This arti-
cle considers the realistic control issues for an underactuated
RLV involving both nonminimum phase problem and con-
trol input constraints. An integrated controller based on the
backstepping control framework is developed. To handle the
nonminimum phase problem, output redefinition is employed
to obtain stable zero dynamics and optimal bounded inversion
is proposed to obtain the IID as reference trajectories for the

internal states. The proposed method achieves accurate out-
put tracking and ensures the stability of the internal states as
well. To handle input constraints, a simple and useful anti-
windup strategy is proposed by using feedback error clipping,
which is shown to be very effective at avoiding input saturation
even when tracking a drastic step command. In particular, the
overall approach shown here provides a practical solution to
achieving RLV reentry attitude tracking control under realistic
conditions, which has been demonstrated through several sim-
ulation trials. The proposed control architecture may also be
applied to other underactuated systems with input constraints.
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